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Bipartite on-shell diagrams are the latest tool in constructing scattering amplitudes. In this letter
we prove that an on-shell diagram process a rational top-form if and only if the algebraic ideal
comprised of the geometrical constraints can be shifted linearly during successive Britto-Cachazo-
Feng-Witten integrations. With a proper geometric interpretation of the constraints in the Grass-
mannian manifold, the rational top-form integration contours can thus be obtained, and understood,
in a straightforward way. All top-form integrands of arbitrary higher loops can therefore be derived
recursively, completing the top-form picture of N = 4 SYM scattering amplitudes proposed by us
earlier. Scattering amplitudes in maximally supersymmetric (N = 4) Super Yang-Mills (SYM) the-
ory can thus be greatly simplified due to the existence of top-forms comprised of rational functions
of the minors of the constraint matrices.
Bipartite diagrams and the associated Grassmannian
geometry [1, 2] have recently found their way into the
scattering amplitudes studies. An amazing discovery was
to exploit them in computing scattering amplitudes in
N = 4 super Yang-Mills (SYM) theory [3–9]. Planar
scattering amplitudes are represented by on-shell bipar-
tite diagrams and expressed in “top-form” as contour in-
tegrations of the geometric constraint functions over the
corresponding Grassmannian submanifolds. Planar loop
integrands inN = 4 SYM have recently been constructed
in [3, 10] along with the introduction of the Grassman-
nian and on-shell method. As a result, the “dlog” form
and the Yangian symmetry [11–15] of the scattering am-
plitudes are made manifest in the planar limit. It is nat-
ural to extend the construction to nonplanar scattering
amplitudes [16–20], and theories of reduced (super) sym-
metries [21–23].
Indeed a permutation relation of Yangian invariants in
nonplanar on-shell diagrams is discovered in [16] relating
a nonplanar diagram to a linear combination of planar
ones with kinematic factors as coefficients. This extends
the Yangian symmetry to nonplanar graphs. In turn it
enables us to construct nonplanar one-loop integrands
from unitarity cuts [16]. Meanwhile the constructions of
the nonplanar two-loop integrand are reported by several
research groups [24–27]. This remarkable progress raises
the hope that on-shell diagram is indeed the right tool to
express the leading singularities obtained from unitarity
cuts [28–32].
In our recent work [17] we reported a systemati-
cal study of higher-loop nonplanar leading singularities.
We found that at arbitrary higher-loop level, the lead-
ing singularities of nonplanar scattering amplitudes can
thus be decomposed to three distinct classes of triv-
ial graphs by the BCFW decompositions [33–36] and a
U(1)-decoupling relation. That means all nonplanar on-
shell diagrams can be casted into the “dlog” forms. See
also [18–20, 24, 37]. With the chain of BCFW decom-
position obtained, we provided an efficient recipe for ob-
taining the top-form associated with a generic nonplanar
on-shell diagram. Using this method we prove in [17] all
non-planar MHV leading singularities are superpositions
of Parke-Taylor tree amplitudes of different cyclic orders.
This conclusion is also drawn independently in [19] ex-
pressed in “dlog” form.
The leading singularities are represented in the top-
form of Grassmannian integrals in which the integrands
are comprised of (rational) functions of minors of the
constraint matrices. The top-form is elegant in that the
amplitude structures are simple and compact; and the
Yangian symmetry [12–15, 38] is manifest even in non-
planar amplitudes [16]. It is therefore crucial to express
scattering amplitudes in top-form in order to explore its
power to further uncover hidden symmetries and dualities
of the scattering amplitudes. We present in this letter our
successful construction of top-forms integrands for non-
planar scattering amplitudes, furthering our earlier work
in uncovering the first class of nonplanar Yangian permu-
tation relations [16]. Our method applies to multi-loop,
beyond-MHV leading singularities.
Exciting progress is reported by many research groups
in [2, 16–19, 24, 37, 39, 40]; and together we have made
a step forward in the computation of nonplanar N = 4
SYM scattering amplitudes, and hopefully in the compu-
tation of the finite N effects in the celebrated AdS/CFT
correspondence.
FROM BCFW-DECOMPOSITIONS TO
TOP-FORMS
FIG. 1. Cutting the L-th loop line and the diagram in the
red box can be decomposed to three skeleton diagram
In an on-shell diagram representing an L-loop leading
singularity, we are free to pull out a planar sub-diagram
between two internal loop lines–both are also on-shell.
Locally the sub-diagram is planar except that we cannot
perform BCFW integrations on these two loop lines. We
2proved that every such sub-diagram, upon the removal
of all BCFW bridges in the permutations, can be casted
into one of the three distinct types of skeleton graphs [17].
U(1)-decoupling relation can be further performed on the
latter two types. And the L-th loop is unfolded. Unfold-
ing the loops recursively, we obtain the BCFW decom-
position chain for the leading singularities of any L-loop
nonplanar amplitudes. In other words the BCFW chain
captures all the information of the leading singularities of
the L-loop nonplanar graphs. We are thus able to recon-
struct any on-shell diagrams by attaching BCFW-bridges
from the identity.
To obtain the top-form of scattering amplitudes, geo-
metric constraints which determine the integration con-
tours, Γ, of the top-form are needed. A nonplanar leading
singularity in the form [3]
T =
∮
Γ
dCk×n
Vol(GL(k))
δk×4(C · η˜)
f(C)
δk×2(C·λ˜)δ2×(n−k)(λ·C⊥),
requires to calculate the integrand under the BCFW
shifts. The integrand, f(C), must then contain those
poles equivalent to the constraints in Γ; or the contour
integration around Γ will vanish. Each BCFW bridge
removes one pole in f(C) by shifting a zero minor to be
nonzero: in nontrivial cases the poles in the integrand
must change their forms accordingly.
To see this we parameterise the constraint matrix,
C, using the BCFW parameter, α. In the last BCFW
shift X → X̂ = X + αY, several minors in f(C) be-
come functions of α. There exists at least one minor
M0(X̂) =M0(X)+αR(Y ) having a pole at α = 0. After
this shift, M0(X) → M0(X̂), the constraint M0(X) = 0
is removed. And α = M0(X̂)/R(Y ) is then a ratio-
nal function of Ĉ and can be subtracted from other
shifted minors to obtain the shift-invariant minors of Ĉ,
Mi(X) =Mi(X̂ − αY ). This is demonstrated in Sec.
We can further attach a BCFW bridge to the inte-
grand,
f(Ĉ) =M0(X̂)
∏
i
Mi(X̂ − αY )×
(
minors
without α
)
. (1)
In this way top-forms of scattering amplitudes can thus
be obtained–be it planar or nonplanar–and from tree level
to all loops. We illustrate our method below with a non-
trivial two loop example: searching for the constraints
and calculating the top-form integrand.
As pointed out by [39] higher-loop leading singularities,
due to their complexity, should have tangled geometric
constraints in the associated Grassmannian. This prob-
lem is related to the “matroid stratification” [1, 3, 41, 42].
Fortunately in each step of the BCFW decompositions
the information concerning the transformation of geo-
metric constraints is made transparent, as explained in
detail below; and hence allows us to extract systemati-
cally the geometrical constraints encoded in nonplanar
on-shell diagrams using BCFW decompositions. In a
straight forward way rational top-forms can be written
down.
A NONTRIVIAL TWO-LOOP EXAMPLE
FIG. 2. An example of nonplanar two loop diagram A36. The
constraint of the diagram is
(
(1 3̂) ∩ (2 4) 5 6
)
. In projective
space, it means line (1 3̂), line (2 4) and line (5 6) all intersect
on point 3. Such a constraint can only appear in multi-loop
nonplanar on-shell diagrams.
At multi-loop level the geometric constraints for a non-
planar leading singularity can be highly tangled, as the
diagrams cannot, in general, be reduced to the planar
ones by KK-relation [43]. Consider a nonplanar 2-loop di-
agram, A36 (Fig. 2), the last bridge attached yields a tan-
gled geometric constraint. Its exact expression can be ob-
tained by transforming the constraints in the last step lin-
early as (234) = (356) = 0→ (234) = 0, (234)(214)−
(356)
(156) = 0.
Adding the bridge (1, 3) and the elimination of (234) = 0
leaves (234)(214) −
(356)
(156) = 0 invariant.
This tangled constraint is understood geometrically as
the degeneracy of the Grassmannian subspace in the in-
tersection. Since the shifted vector 3̂ lies on the sub-
space (13), the planes (24), (56) and (3̂1) must then in-
tersect on 3. The constraint vector 3 can be denoted
by vectors in Ĉ: 3 = (3̂1) ∩ (24). Integrating over the
pole (234), the tangled geometric constraint is encoded
in
(
(13̂) ∩ (24)56
)
.
The top-form before attaching the last BCFW bridge
is [3, 17],
T 36 =
∮
Γ
d9C(361)
(123)(234)(345)(356)(146)(561)(612)
,
where we have omitted the delta functions for clarity.
The last attachment of the bridge (1, 3) seems to elim-
inate two poles in the denominator at the same time.
Applying the same linear transformation to the denom-
inator: 1(234)(356) →
−1
(23̂4)
(
−(156)(23̂4)
(214)
+(3̂56)
) , we extract
the top-form,
T̂ 36 =
∮
Γ
d9Ĉ(214)2(3̂61)
(123̂)(23̂4)
(
(13̂) ∩ (24)56
)(
(13̂) ∩ (24)45
)
(146)(561)(612)
.
RATIONAL TOP-FORMS AND LINEAR BCFW
BRIDGES
Attaching BCFW bridges and using the 3- or 4-point
amplitude relations reductively, all non-planar diagrams
3can be constructed and their dlog forms be found. We
should stress, however, that not all nonplanar on-shell di-
agrams have rational top-forms; and it is worth to remark
on which kind of non-planar on-shell diagrams can have
rational top-forms. We address this question by building
up an equivalent relation between rational top-form and
linear BCFW bridges. If a BCFW bridge results in the
shifted constraint function to be a linear function of α,
we call this BCFW bridge a linear BCFW bridge.
A constraint function Fi is a rational function of the
minors of Grassmannian matrix, C. Altogether they span
an algebraic ideal I[{Fi}]. Under a BCFW shift X →
X̂ = X + αY , a constraint is eliminated, with C being
transformed to Ĉ. The transformed f ′(Ĉ) is also rational
iff α is also a rational function of Ĉ.
Next we need to show that rationality of α is guaran-
teed by the linear BCFW shifts. To prove their equiva-
lence, assuming α = P (Ĉ)/Q(Ĉ), where P, Q are poly-
nomials of minors of Ĉ. Expanding P, Q as polynomials
of α as well as the minors of C,
α =
P0 + P1α+ P2α
2 + · · ·+ PNα
N
Q1 +Q2α+ · · ·+QNαN−1
.
The coefficient in each power of α, such as P0, P1 −
Q1, P2−Q2, · · · , PN−QN , is supposed to vanish. If any of
them appears nonzero, it must fall into the ideal I[{Fi}].
This means that all the coefficients are constraints of
C. Under the shift, Pi and Qi become P̂i = Pi +∑N−i
j=1
(
j
i+j
)
Pi+jα
j and Q̂i = Qi +
∑N−1−i
j=1
(
j
i+j
)
Pi+jα
j .
The constraint PN −QN remains the same after the shift
P̂N − Q̂N = PN −QN . The constraint PN−1−QN−1 = 0
appears linearly dependent on α upon
P̂N−1 − Q̂N−1 = [NPN − (N − 1)QN ]α.
If [NPN−(N−1)QN ] does not vanish then the constraint
PN−1 − QN−1 = 0 is the removed. Otherwise PN =
QN = 0 and the constraint PN−2 −QN−2 = 0 is shifted
linearly,
P̂N−2 − Q̂N−2 = [(N − 1)PN−1 − (N − 2)QN−1]α.
Since P (Ĉ) cannot be totally independent of α, we can
trace the constraints from N to 0 until we find one con-
straint (Pi − Qi) which is a linear function of α after
a shift. This constraint is then the constraint being re-
moved.
The proof of the reverse is also straightforward: if one
constraint becomes a linear function of α under a shift,
for instance Fi(C)→ Fi(Ĉ) = Fi(C)+F
′
i (C)α = F
′
i (Ĉ)α
where Fi(C) vanishes and F
′
i (C) is invariant under the
shift, we have α = Fi(Ĉ)/F
′
i (Ĉ). Note that the remaining
s − 1 constraints can be written in the form Fi(· · · X̂ −
αY · · · ) = 0, for i ∈ [2, s], which are invariant under the
shift.
Finally we conclude that upon adding a BCFW bridge
the on-shell diagram resulted has a top-form if and only if
the shift on the algebra ideal I is linear. For a generic on-
shell diagram, BCFW-bridges can be added in an arbi-
trary manner and the transformations on the constraints
are complicated. Top-forms can be obtained if and only
if when the BCFW parameters shift the constraints lin-
early. This type of bridges is thus called linear BCFW
bridges. In the construction of top-forms one should
avoid using BCFW bridges that shift the constraints in
a nonlinear manner.
A GEOMETRIC APPROACH TO OBTAIN THE
CONSTRAINTS SYSTEMATICALLY
The general algebraic forms of the constraints encoded
in on-shell diagrams can now be readily obtained. Each
constraint corresponds to a geometrical interpretation
that is a point lying in a hyperplane. When we attach
a BCFW bridge, X → X̂ = X + αY . In the sim-
plest case, only one geometry relation is affected, e.g.
(XA1A2 . . . Ai1)
i1 7→ (XYA1A2 . . . Ai1 )
i1+1 for i1+1 6 k
(If i1 + 1 = k there is no constraint.). A more compli-
cated case would be two constraints (XA1A2 . . . Ai1 )
i1
and (XB1B2 . . . Bi2)
i2 both containing the shifting leg.
Upon attaching a BCFW bridge a tangled constraint
could be obtained:
α =
V i1+1(X̂A1 . . . Ai1)
V i1+1(Y A1 . . . Ai1 )
=
V i2+1(X̂B1 . . . Bi2)
V i2+1(Y B1 . . . Bi2)
, (2)
where V stands for the volume of the hyperpolyhedron.
FIG. 3. The diagrammatic notation of Eq. 3. The
plane or hyperplane A = Span(XA1A2 . . . Ai) and B =
Span(XB1B2 . . . Bi). α can be regarded as the ratio of two
hyperpolyhedron’s volumes.
It is indeed a geometric constraint on the Grassmannian
manifold–the point of intersection of one line and one
hyperplane lying on another hyperplane:(
(X̂Y ) ∩ (B1B2 . . . Bi2)A1A2 . . . Ai1
)
. (3)
We denote the intersection point of (X̂Y )∩(B1B2 . . . Bi)
as Q = C1X̂ + C2Y . Since Q also lies in
the plane (B1B2 . . . Bi), C1V
i2+1(X̂B1B2 . . . Bi2) +
C2V
i2+1(Y B1B2 . . . Bi2) = 0. Thus the initial constraint
(QA1A2 . . . Ai1 )
i1 directly yields Eq. 2. One may have
noticed that the point Q is precisely the point X before
shifting. If we go on attaching another bridge that in-
volves this tangled constraint, the set of constraints can
again be written as minors of the Grassmannian matrix.
Therefore we conclude that general constraints can al-
ways be labelled using nested spans and intersections.
4Consider attaching a linear BCFW bridge (Y,X) in an
arbitrary amplitude, a constraint to be shifted is
M(X) ≡
(
· · · (XA
(0)
1 A
(0)
2 · · ·A
(0)
a0
)
∩(B
(1)
1 B
(1)
2 · · ·B
(1)
b1
)A
(1)
1 A
(1)
2 · · ·A
(1)
a1
)
∩(B
(2)
1 B
(2)
2 · · ·B
(2)
b2
)A
(2)
1 A
(2)
1 · · ·A
(2)
a2
) · · ·
∩(B
(m)
1 B
(m)
2 · · ·B
(m)
bm
)A
(m)
1 A
(m)
2 · · ·A
(m)
am
)
, (4)
with X being the external line to be shifted, A(·) and
B(·) denoting two sets of external lines. If column X ∈
Set[A(·)] or X ∈ Set[B(·)], they can be freely replaced by
Xˆ after attaching the bridge involving X . Otherwise the
constraint will be a nonlinear function of α, resulting in
an irrational top-form. We present a counter example in
Appendix to illustrate this point. We can then simplify
M(X) as follows(
L(m)(X) ∩ (B
(m)
1 B
(m)
2 · · ·B
(m)
bm
)A
(m)
1 A¯
(m)
2 · · · A¯
(m)
a¯m
)
,
where A¯(·) are some points or hyperplanes composed by
A(·) and B(·) and are easily obtained through a simple re-
lation, (A1A2A3) ∩ P = (((A1A2) ∩ P ) ((A2A3) ∩ P )) =(
((A1A2) ∩ P )A¯
)
. After the shift the constraint M(X)
is removed. In order to obtain the other constraints, we
look for the Ĉ representation of X . This is achieved by
unfolding the nested intersections level by level.
→
→
FIG. 4. The geometric relation indicated by the ground level
(the upper figures) and the i-th level (the lower figures) of
the nested minor. The left figures are the relations before
the BCFW shift. The right figures are the relations after the
BCFW shift.
To write a constraint in a compact form and make the
geometric relations encoded manifest, We define a line
L(X), for i ∈ [2,m]
L(i)(X) ≡
(
L(i−1)(X) ∩ (B
(i−1)
1 · · ·B
(i−1)
bi−1
)A
(i−1)
1
)
.
We further define a point
R(i)(X) ≡ L(i)(X) ∩ (B
(i)
1 · · ·B
(i)
bi
), for i ∈ [2,m].
Given a minor M(X), we could obtain the point
R(m)(X) as R(m)(X) = L(m)(X̂Y ) ∩ (B
(m)
1 · · ·B
(m)
bm
) ∩
(A
(m)
1 · · · A¯
(m)
a¯m ). All levels of R
(i)(X) can be recur-
sively obtained according to R(i−1) = (R(i)A
(i−1)
1 ) ∩(
L(i−1)(X̂Y ) ∩ (B
(i−1)
1 · · ·B
(i−1)
bi−1
)
)
. The geometrical re-
lations is shown in Fig. 4. Finally we are able to denote
the column X using the columns in the shifted Grass-
mannian, X = (R(1)A
(0)
1 ) ∩ (X̂Y ). After removing the
constraint M(X) = 0, the remaining constraints are in-
variant under the Ĉ representation of X , making them
independent of the shift (Y,X).
SUMMARY AND OUTLOOK
We have classified nonplanar on-shell diagrams accord-
ing to whether they posses rational top-forms, and proved
its equivalence to linear BCFW bridges. We conclude
that when attaching linear bridges, geometric constraints
of the nonplanar diagrams–tangled or untangled–can all
be constructed systematically. With this chain of BCFW
bridges rational top-forms of the nonplanar on-shell di-
agrams can then be derived in a straightforward way.
This method applies to leading singularities of nonpla-
nar multi-loop amplitudes beyond MHV.
An immediate question is whether all on-shell dia-
grams representing nonplanar leading singularities be-
long to this class, so that all leading singularities can
be expressed in rational top-forms.
Top-form, being simple and compact, is a great tool
to uncover hidden symmetries (e.g. Yangian symmetry
beyond planarity [16]) which are otherwise highly tan-
gled in nonplanar leading singularities. When combined
with generalised unitarity cuts, top-form holds promise
in constructing the integrals as well as unraveling the
symmetries of loop-level scattering amplitudes.
Mathematically our method of combining BCFW de-
compositions with 3- or 4-point amplitude relations is
related to the toric geometry arisen in the characteri-
sation of Matroid Stratification. Further exploration on
the relationship between BCFW decompositions and Ma-
troid Stratification will also shed light on the geometry
of Grassmannian manifolds.
APPENDIX
All rational top-forms can be constructed by our
method described above. In our discussion we have as-
sumed that the BCFW bridges are the linear BCFW
bridges–each successive α-shift transforms the con-
straints linearly and can thus be represented by a ra-
tional function of minors of the underlying constraint C-
matrix. However not all on-shell diagrams are made up
completely of such bridges: the constraints can be nonlin-
ear in alpha and cannot be written as rational functions
under some shift. Such an on-shell diagram will not have
a rational top-form.
We present a counter example, A410. Upon attach-
ing the bridge (3, 4), two constraints (2, 3, 4, 8)3 and
5(1, 3, 4, 6)3 emerge (the superscripts denote the number of
independent column vectors), with two columns, 3 and
4, being the same. Attaching the bridge (5, 3), one of
the constraints is removed and the other one becomes
((5, 3)∩(2, 4, 8), 1, 4, 6)3. If we go on attaching the bridge
(7, 4), the tangled constraint is removed. However, due
to the column 4 appearing twice in that constraint, such
a bridge results in a nonlinear shift of the algebraic ideal.
Therefore such a α-shift cannot be represented linearly
by some minor being zero, violating our linearity require-
ments in the construction of rational top-forms.
1
2
3
4
5
6
7
8
9
10
FIG. 5. A nonplanar diagram of A410
TABLE I. The evolution of the geometric constraints with
adding BCFW bridges for the diagram in Fig. 5.
(3)0 (4)0 (7)0 (8)0 (9)0 (10)0
(6, 10) (3)0 (4)0 (7)0 (8)0 (9)0 (6, 10)1
(2, 6) (3)0 (4)0 (7)0 (8)0 (9)0 (2, 6, 10)2
(6, 9) (3)0 (4)0 (7)0 (8)0 (6, 9)1 (2, 6, 10)2
(5, 6) (3)0 (4)0 (7)0 (8)0 (5, 6, 9)2 (2, 6, 10)2
(6, 9) (3)0 (4)0 (7)0 (8)0 (5, 6, 9)2 (2, 6, 9, 10)3
(6, 8) (3)0 (4)0 (7)0 (6, 8)1 (5, 6, 9)2 (2, 6, 9, 10)3
(6, 7) (3)0 (4)0 (6, 7)1 (6, 8)1 (5, 6, 9)2 (2, 6, 9, 10)3
(5, 6) (3)0 (4)0 (7, 8)1 (5, 6, 8)2 (5, 8, 9)2 (2, 8, 9, 10)3
(2, 5) (3)0 (4)0 (7, 8)1 (6, 8, 9)2 (2, 5, 8, 9)3 (2, 8, 9, 10)3
(2, 4) (3)0 (2, 4)1 (7, 8)1 (6, 8, 9)2 (2, 5, 8, 9)3 (2, 8, 9, 10)3
(1, 2) (3)0 (1, 2, 4)2 (7, 8)1 (6, 8, 9)2 (4, 5, 8, 9)3 (4, 8, 9, 10)3
(2, 3) (2, 3)1 (1, 2, 4)2 (7, 8)1 (6, 8, 9)2 (4, 5, 8, 9)3 (4, 8, 9, 10)3
(1, 2) (1, 2, 3)2 (1, 3, 4)2 (7, 8)1 (6, 8, 9)2 (4, 5, 8, 9)3 (4, 8, 9, 10)3
(8, 2) (1, 2, 3, 8)3 (1, 3, 4)2 (7, 8)1 (6, 8, 9)2 (4, 5, 8, 9)3 (4, 8, 9, 10)3
(2, 8) (1, 2, 3, 8)3 (1, 3, 4)2 (2, 7, 8)2 (6, 7, 9)2 (4, 5, 7, 9)3 (4, 7, 9, 10)3
(6, 1) (2, 3, 4, 8)3 (1, 3, 4, 6)3 (2, 7, 8)2 (6, 7, 9)2 (4, 5, 7, 9)3 (4, 7, 9, 10)3
(3, 4) (2, 3, 4, 8)3 (1, 3, 4, 6)3 (2, 7, 8)2 (6, 7, 9)2 (5, 7, 9, 10)3
(5, 3)
((5,3)∩(2,4,8),
1,4,6)3
(2, 7, 8)2 (6, 7, 9)2 (5, 7, 9, 10)3
(7, 4) (2, 7, 8)2 (6, 7, 9)2 (5, 7, 9, 10)3
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